Motion of a massive particle
in a rarefied gas.

Work in progress
with Thierry Bodineau
and Isabelle Gallagher



a® ° ® Asimple system :
° & ® ° simple system :

e ® - N solid balls

- o of diameter ¢

- Q - ® - One big (non
® % spherical) particle

v - of size ¢ / (8
¢ ¢ interacting only
- by contact.

Question : can we say something about the
macroscopic motion of the molecule?



The microscopic dynamics




Admissible configurations
e Positions of the atoms Xy := (z1,...,zn)
Vi#£j, |zi—zj|>c¢
* Position and orientation of the molecule (X, ©)

Vi d(:z:i,X + %Refl) > €

The surface of the reference
convex body 9% is
parametrized by 7 .
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Newton’s laws

* Velocities of the atoms Vy = (v1,...,vn)

* Velocity of the center of mass and angular
velocity of the molecule (V, )

are constant except at collisions.

Collision laws for the atoms
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Collision laws for the molecule

* The collision produces a forcef in the directionn
which is a Dirac mass in time = jump conditions

* The total energy is conserved.

v'—v:AiH(V—I—Q/\Er—v)-nn
2m ~ £
V-V =— V+QA—r—uv)-
MATD TRAGrTY)nn
. - 2m A £ ~_1E
QA —Q=— V+QA=—r—v)-nl'=ran.
(A—i—l)( - T v)-n STAN

_m (£ 2y ~ 1
A.—H-i—m(a) (rxn-[ rxn)
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Collision invariants

The following quantities are conserved
P:=mv+ MV (total momentum)
E = é(m|v|2 + M|V +QIQ) (total energy)

-~

T=1-Q+MV Ay (angular momentum at the contact point).
o

Due to the smallness of the molecule, it is natural
to rescale the angular velocity and the moment of
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The low density asymptotics
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A statistical point of view

We are interested in the probability distribution
of the molecule

D, X,V,0,0) = / (6 X,V.0,9, Zy) dZx

where fn satisfies the Liouville equation

N

X
8th +V - Vxfn + Z v; - V:z:,,fN -+ EQ -Vefn =0
=1

supplemented with reflection conditions on 9Dj, .
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The Boltzmann-Grad scaling

The transport and collision process for the atoms
have the same time scale if

Ned—1 =1
which only holds for rarefied gases.

‘ ‘ N spheres of size € on a lattice
& & Volume covered by one
particle of velocity v during a
& & time t : [v|t &’
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The BBGKY hierarchy

By Green’s formula and the symmetry,

s—1
S S S 83 S
OfS) + vV VXY + ) ; AV +gQ-Vef1(v)
=1

on D._;

= s,s+1f](\}s+l) + Ds,s+1f](\}s+1)

where Css+1 is the boundary term describing the
collision between two atoms

s—1
Cs,s+1f(s+1) - = (N_5+1)€d_1 Z / (.. xirter, vs) ((vi—vs)-v)drdvg
i=1
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and Ds s.1 holds for collisions with the molecule
d 1 s—1 ~
Ds 516D := (N — s+ 1) /f5+1 ., X + —ReoF + cReh, vs)
‘ Y
((V+QARor) — vs) - Rondadvs

The normal to the collision surface in the (X, z, ©) space is indeed given by
(—Ren, Ren, Ro(T A 1))

Both collision integrals can be split according to
the sign of the integrand. We then use the
scattering to express the gain part in terms of
precollisional configurations.
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Close to equilibrium

To get an equation for the motion of the molecule,
we need a closure for the hierarchy. Here we will
assume that atoms are almost at equilibrium

No(X,V,0,Q, XN, Vi) :i= Mn(V, 2, Vy)go(X,V,0,Q)

d(d d(d—1)

271')

(detI)l/Zexp( (|V|2—i—m|V\|2+Q I. Q))l

Mn(V,Q, V]
v v) = ( ZN

As the Gibbs measure My is a stationary solution to
the Liouville equation, we expect this form to be
stable under the dynamics in the low density limit.
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The grazing collision limit




A weak coupling scaling

We are interested in the motion of a big molecule
surrounded by a fluid (rarefied gas), i.e.

The molecule will therefore undergo a lot of

collisions, but each one of these collisions will
generate an infinitesimal deflection:

2m 2m
b and Q' =Q-—
Arl M (A+1)

withb=(V+QATr—2v)-n

VI =V, — bI~1(r An)
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The Boltzmann equation

Provided that we get uniform convergence
estimatesin «v as ¢ — 0 , the dynamics should be
approximated by the Boltzmann equation

( ) e_§m|V|2
oY ., xRd

(ga(X V!, Q) (V' = V' +Q x RoF) - Rol)

do

8tga + V. nga —

— 8a(X, V,Q)((V = v+ Q x RoF) - Rofi)_) didv

Note the angular average coming from the singular
perturbation in the transport.
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The collision term in weak form

We have now to exhibit cancellations between
the gain and loss parts in the collision integral.

We use a duality argument and compute

d
1 m\2 _Bqy2 2
F = a1 / (g—ﬂ) e~z (IVIF+mly| +Q'I'Q)ga(X,V,Q) (V-v+Qx7)-n)

x(o(X, V', Q) — o(X,V,Q)) dodvdX dQdV dO .

Note that because atoms are lighter, they move
faster and we expect v = O(m1/?).
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A generalized Ornstein-Uhlenbeck process

At leading order in «x, the two terms cancel by
Stokes formula / n-edo= | V-edr=0.

UZQ EQ

/ rAn-edo = V-(eAnr)dr=0.
(o) 3P Ya

We then get, for some N,K, T depending only on &

1/2
F = (%ﬁ) / dXdQdv ez (VP+2IQ4 (X v, Q)

x ((VN + QK)Vye(X,V,Q) + (VK + QT) " 'Vap(X, V, Q)

+2(VV - N -VV +I—IVQ 'T'I—IVQ +2VV 'Kt 'I—IVQ)(P(X>V’Q))
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Strategy of the proof




Collision trees

Solutions of the molecular dynamics can be
represented by collision trees, with transport
and scattering operators.
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Recollisions

Solutions of the Boltzmann equation (with

precession) provide a good approximation as
long as there is no recollision (i.e. no collision

between two atoms which are not independent)
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Geometric control of recollisions

* By a geometric study of the free transport (with

precession), we can prove that recollisions are
of small probability when e<<1, o >>¢l/d

We therefore remove a small set of bad
parameters from each collision integral.

e —— e
=

N A f

TN

N
NS]

{
A PASE
| e
~1 LETTRES | 7] | SCIENCES ™
 —) ]
ECOLE NORMALE SUPERIEURE

1AA1 SORBONNE




About the size of the trees

The truncation is admissible only for relatively
small trees (of size at most log N).

In Lanford’s proof, the size of the trees is
controlled only for very short times, by some
Cauchy-Kowalewski estimate.

Close to equilibrium, we use global a priori

estimates to discard superexponential trees.
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A sampling in time
L

Superexponential trees are negligible if h <<
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What can be said about
macroscopic molecules?
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